Abstract Bidirectional flexure analysis of functionally graded (FG) plate integrated with piezoelectric fiber reinforced composites (PFRC) is presented in this paper. A higher order shear and normal deformation theory (HOSNT12) is used to analyze such hybrid or smart FG plate subjected to electromechanical loading. The displacement function of the present model is approximated as Taylor's series in the thickness coordinate, while the electro-static potential is approximated as layer wise linear through the thickness of the PFRC layer. The equations of equilibrium are obtained using principle of minimum potential energy and solution is by Navier's technique. Elastic constants are varying exponentially along thickness (z axis) for FG material while Poisson's ratio is kept constant. PFRC actuator attached either at top or bottom of FG plate and analyzed under mechanical and coupled mechanical and electrical loading. Comparison of present HOSNT12 is made with exact and finite element method (FEM).
Introduction
Piezoelectric materials transform elastic field into the electric field and converse behavior leads many researchers to study their controlling capabilities applicable to structures like plates and shells. Such structures are called as smart, intelligent, adaptive as well as hybrid structures. In conventional composites failure occurs at interface due to abrupt change in material properties. Elastic properties are varying smoothly across the thickness of the FG material and hence failure due to de lamination is avoided.
Piezoelectric materials show coupling phenomenon between elastic and electric fields. Tiersten and Mindlin (1962) initiated work on piezoelectric plates. Further Tiersten (1969) contributed this work by exploring the governing equations of linear piezoelectric continuum by analyzing vibrations of a single piezoelectric layer.
Monolithic piezoelectric materials exhibit very low stress/strain coefficients and hence low controlling capabilities. Smith and Auld (1991) presented micromechanical analysis of vertically reinforced piezoelectric composites with slight increase in the stress/ strain piezoelectric coefficients. Mallik and Ray (2003) proposed the concept of unidirectional piezoelectric fiber reinforced composite (PFRC) materials and presented their effective elastic and piezoelectric properties. Piezoelectric stress/strain coefficients are improved considerably as compared to monolithic piezoelectric materials. Vertically reinforced piezoelectric composites are not suitable for the bending mode actuation (Mallik and Ray 2003) .
Many investigators studied hybrid composite laminates using various plate theories. Kapuria and Dumir (2000) presented coupled first-order shear deformation theory for hybrid laminated plates subjected to thermoelectrical loading. Elasticity solutions always serve as benchmark for other approximate solutions. Ray et al. (1993) developed three-dimensional (3D) elasticity solutions for intelligent plate simply supported and perfectly bonded with distributed Polyvinylidene Fluoride (PVDF) piezoelectric layers at top and bottom and presented static displacement control for different span to depth ratios. Heyliger (1994) obtained exact solution for an unsymmetric cross ply composite laminate attached with PZT-4 layers of piezoelectric material at upper and lower surfaces. The 3D solution methodology used by Ray and Heyliger is the same as the work of Pagano (1970) for laminated composite plates. Later Heyliger (1997) provided the 3D exact solution for single and two layers of piezoelectric materials. Vel and Batra (2000) used Eshelby-Stroh formulation to obtained 3D elasticity solution to analyze multilayered piezoelectric plate for arbitrary boundary conditions. Batra and Vel (2001) presented exact thermo elastic solutions for FG plates, while Sankar (2001) presented 3D exact solutions for functionally graded beams under mechanical pressure. Ray and Sachade (2006a, b) reported 3D elasticity solution and FEM for FG plate attached with PFRC actuator. Reddy and Cheng (2001) also presented elasticity solutions for smart FG plate.
Higher order shear deformation theories (HOST) incorporate transverse shear and normal deformation by expanding the primary displacement fields. Initially Kant (1982) developed complete set of variationally consistent governing equations of equilibrium and presented first FE model based on HOST . Kant (1987, 1988) and Kant and Manjunatha (1988, 1994) extended the HOST for unsymmetric laminates. Further Kant and Swaminathan (2002) presented a refined higher order theory and discussed analytical solution for sandwiches and laminates. Reddy (1984) presented a simple third order theory for laminates maintaining zero shear stress conditions at boundaries of the thickness dimension.
In this paper, a higher order shear and normal deformation theory (HOSNT12) is used to model the elastic displacements of FG plate whereas; electric potential in the PFRC actuator layer is modeled as piece wise linear.
Formulation
Consider bidirectional flexure of functionally graded (FG) plate. At x = 0, a and at y = 0, b the FG plate is simply supported and attached with distributed PFRC actuator of thickness t p at top or bottom as shown in the Fig. 1 . Span of the hybrid FG plate is a along x axis and b along y axis in Cartesian coordinate system. Thickness of FG plate is h along z axis and located at -h/2 and ?h/2 from bottom and top of FG plate, respectively. Electrostatic potential is applied at top of PFRC actuator (h/2 ? t p ) and FG plate is electrically grounded at z = ?h/2. Displacement components u(x,y,z), v(x,y,z) and w(x,y,z) at any point in the plate are expanded in a Taylor's series to approximate the three-dimensional (3D) elasticity problem as a two-dimensional (2D) plate problem. The assumed displacement field of present higher order shear and normal deformation model is in the following form:
Model HOSNT12: (Kant and Swaminathan 2002) 
Tiersten (1969) presented linear constitutive equation which couples the elastic and electric field for a single piezoelectric layer as
The electric field intensity vector E related to electrostatic potential n(x,y,z) in the Lth layer is given by
where r, Q, e, e, E, D and g are, stress vector, elastic constant matrix, strain vector, piezoelectric constant matrix, electric field intensity vector, electric displacement vector and dielectric constant matrix, respectively. Effective piezoelectric constant matrix e and dielectric matrix g for PFRC layer aligned at zero angle with respect to x-axis is given by Mallik and Ray (2003) 
The first set of Eq. 3 is divided in two components of stresses. One is elastic stress component (es) and other is piezoelectric stress component (pz).
First set of Eq. 3 is written as r 
and C ij are elastic constants of FG plate and defined as per isotropic layer.
;
Young's modulus of FG material is a function of z coordinate and governed by exponential law (Sankar 2001) , where as Poisson's ratio is kept constant.
where E 0 is Young's modulus of FG material at bottom and k is a non-homogeneous parameter of the FG material across the thickness.
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Stress resultants are also defined as elastic and piezoelectric stress resultants.
Elastic stress Governing equations of equilibrium. Using principal of minimum potential energy, the equations of equilibrium are obtained as
Total stress resultants are the addition of elastic and piezoelectric stress resultants.
Following are the mechanical boundary conditions used for simply supported plate At edges x ¼ 0 and x ¼ a :
At edges y ¼ 0 and y ¼ b :
Navier's solution procedure is adopted to find the solution of displacement variables, satisfying the above boundary conditions and is expressed as follows:
where q þ z is the mechanical loading term and n(x, z) is the electrical loading term. Through thickness electric potential n mn ðzÞ is assumed as per the following.
The elastic FG layer is attached with distributed actuator layer of PFRC. The thickness of the PFRC layer is small as compared to the thickness of the substrate, the electro-static potential in the actuator layer is assumed to be linear through the thickness of the PFRC layer.
Equation 15 gives linear variation of thought thickness electro-static potential in the PFRC actuating layer. V t mn represents amplitude of doubly sinusoidal electrostatic potential applied at top of the PFRC whereas; h and t p are thicknesses of elastic FG plate and PFRC layer, respectively. Assumed electrostatic potential satisfies zero electric potential at interface. Similar electrostatic potential can be assumed for PFRC layer at bottom of FG plate.
The piezoelectric stress vectors are calculated from second set of Eq. 6 by substituting actuating electric function (Eq. 15) when either top or bottom voltages (V t mn , V b mn ) are applied. Finally, piezoelectric stress resultants are evaluated from Eq. 10. Similarly elastic stress vectors and elastic stress resultants are calculated from first set of Eqs. 6 and 9, respectively. Displacement terms are obtained by solving linear algebraic equations by substituting total stress resultants from Eq. 11 in a set of equilibrium equations (Eq. 12).
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Numerical results and discussions
Numerical evaluation of a FG plate attached with piezoelectric layer either at top or at bottom is considered. Property of piezoelectric fiber reinforced composite is taken as follows (Ray and Sachade 2006b) . Quantity Source Tables and  Figures.  Tables 1, 2 , 3, and 4 show comparison of numerical results of for the cases I, II, III and IV, respectively. Figure 2a and b demonstrates normalized variation of transverse displacement ð " wÞ and in-plane displacement (" u) through the thickness of thin FG plate (S = 100), respectively. Transverse displacement is constant through the thickness of the FG layer while, in-plane displacement is linear. Normalized variations of inplane normal stresses (" r x , " r y ) through the thickness of thin FG plate are exhibited in Fig. 3a and b . Variation of in-plane normal stress (" r x ) at top of FG plate is more than in-plane normal stress (" r y ). This is due to effectiveness of piezoelectric stress coefficient only along x-axis. Present HOSNT12 results are closed to exact solution for with or without applied voltages. Figure 4a and b demonstrates normalized variation of in-plane shear stress (" s xy ) and transverse normal stress (" r z ) through the thickness of thin FG plate. Results of transverse shear stress (" s yz , " s xz ) closely agree with exact results for both the voltages as shown in Fig. 5a and b, respectively. Traction free conditions for transverse shear stress (" s yz ) can be observed at bottom as well as at top of FG plate, but maximum shear traction is seen at top of FG plate where actuator is placed.
Conclusions
In this paper a complete analytical solution for statics of FG plate attached with distributed PFRC actuator 
